We propose a dynamic DEA model involving network structure in each period within the framework of a slacks-based measure approach. We have previously published the network SBM (NSBM) and the dynamic SBM (DSBM) models separately. Hence, this article is a composite of these two models. Vertically, we deal with multiple divisions connected by links of network structure within each period and, horizontally, we combine the network structure by means of carry-over activities between two succeeding periods. This model can evaluate (1) the overall efficiency over the entire observed period, (2) dynamic change of period efficiency and (3) dynamic change of divisional efficiency. In addition, we also introduce dynamic Malmquist index by which we can compare divisional performances over time. We applied this model to a dataset of US electric utilities and compared the result with that of DSBM.
INTRODUCTION
Traditional DEA (data envelopment analysis) models deal with measurements of relative efficiency of decision making units (DMUs) regarding multiple inputs vs. multiple outputs. One of the drawbacks of these models is the omission of the internal structure of the DMUs. For example, many companies are comprised of several divisions that are linked to each other having division-specific inputs and outputs as well as links to other divisions. To reflect the actual world, the network DEA model was developed to take into account the internal structure of DMUs using link variables [7, 8, 22 ].
In addition, companies' activity generally continues across multiple periods. The dynamic DEA model was developed to evaluate DMUs performance from a long-term perspective using carry-over variables [1, 2, 5, 8, 12, 13, 15, 16 17, 19, 23] .
We propose a model combining these two developed models, resulting in dynamic and network DEA. This combined model enables us not only to obtain the overall efficiency of DMUs over the entire observed period, but also to conduct further analysis, that is, observing dynamic change of the period efficiency and dynamic change of the divisional efficiency of DMUs. In addition, we propose a Malmquist index corresponding to the Workshop on DNDEA 2013 --<2> dynamic and network framework. Using our model, we can measure the efficiency score of DMUs in a more realistic manner that is not achieved by the traditional models so far.
The rest of this paper unfolds as follows. In Section 2, we describe mathematical formulations of dynamic and network SBM model. We discuss the uniqueness issue of period efficiencies in Section 3. Divisional dynamic Malmquist index is introduced in Section 4. An application to U.S. electric utilities is presented in Section 5, along with comparisons with results by the Dynamic SBM model. Section 6 concludes the paper.
Dynamic DEA with network structure
In this section, we define the dynamic DEA with network structure based on SBM framework [18, 20] (DNSBM) and formulate it as a programming problem.
Graphical explanation
The DNSBM model takes into account the internal structure of a DMU, in which Divisions are vertically connected by links (intermediate products). In addition, consecutive periods are horizontally connected by carry-overs. Finally, dynamic and network structure can be depicted as Figure 1. 
Notations
We deal with n DMUs (j = 1,…, n) consisting of K divisions (k = 1,…, K) over T time periods (t = 1,…,T).
Let m k and r k be the numbers of inputs and outputs to division k, respectively. We denote the link leading from division k to division h by (k,h) l and the set of links by L kh . The observed data are as follows. 
a) Inputs and outputs

.,T-1)
is carry-over of DMUj, at division k, from period t to period t+1, where L k is the number of items in the carry-over from division k.
Production possibility set
The production possibility set , we can deal with the constant returns-to-scale (CRS) case as well.
Expression for DMU o
DMU o (o=1,...,n) P can be expressed as follows.
Inputs and outputs
Input and output constraints are listed below. 
. 
This case corresponds to the situation where the 
(c) "as-input" link value case (LB)
The linking activities are treated as input to the succeeding division and excesses are accounted for in the input inefficiency.
where
is slacks and non-negative, and linkin k is the number of "as-input" link from division k.
(d) "as-output" link value case (LG)
The linking activities are treated as output from the preceding division and shortages are accounted for in the output inefficiency.
is non-negative slack and linkout k is the number of "as-output" links from division k.
Carry-overs
Carry-over variable is an output at period t and becomes an input at period t+1. We classify carry-over activities into four categories as follows.
(a) Desirable (good) carry-over case (CG)
This indicates desirable carry-over, e.g. profit carried forward and net earned surplus carried to the next period. (10) subject to (2), (3), and (5) to (9), where
is the weight to period t and ( 1, , ) k w k K is the weight to division k. These weights satisfy the condition:
They are supplied exogenously. The input-(output-)
oriented model can be defined by dealing with the numerator (denominator) of the above objective function.
Period and divisional efficiencies
Period efficiency 
In the input-(output-) oriented model, the numerator (denominator) of the above formulas is applied. We notice that, although the overall-efficiency is uniquely determined, the period, divisional and period-divisional efficiencies are not necessarily unique. Furthermore, in the input-oriented model, the overall efficiency is the weighted arithmetic mean of the period-efficiencies and, in the output-oriented model, the overall efficiency is the weighted harmonic mean of the period-efficiencies, whereas in the non-oriented model the overall efficiency is neither the arithmetic nor the harmonic mean of the period-efficiencies.
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Uniqueness issue of period efficiencies
Although the overall efficiency is uniquely determined by the program (10), slacks are not necessarily unique.
Hence, the period efficiency in (11) may suffer from plurality. Comparing the importance of periods, it would be reasonable that the last period T has the top priority and those of T-1, T-2,…, 1 decrease in this order. Under this priority principle, we propose the following scheme for overcoming this plurality problem.
Period efficiency in T
First, we solve the program (10) 
efficiency frontiers of each period, while they do not capture the absolute position of each frontier. In this case, the absolute progress or regress of efficiency performance of each DMU cannot be measured. The
Malmquist index will be an effective measure to incorporate frontier-shift effect into evaluation, and thus result in capturing the absolute productivity change of each DMU in the dynamic DEA model.
In this section, we define dynamic overall and divisional Malmquist indices as follows.
Divisional dynamic catch-up index
As the ratio of the period-divisional efficiencies between t and t+1, we define the divisional dynamic catch-up index (d-DCU) as 
Divisional dynamic frontier-shift effect
We define divisional dynamic frontier-shift effect 
Divisional dynamic Malmquist index
Using the above catch-up index (d-DCU) and frontier-shift effect (d-DFS), we define the dynamic divisional Malmquist index (d-DMI) as
( 1, , ; 1, , ; 1, , 1).
Overall dynamic Malmquist index
Overall dynamic 
Overall cumulative dynamic Malmquist index (O-CDMI) is defined as follows:
( 1, , ; 1,..., 1).
This index enables us to capture continuous productivity change of each DMU from the first period.
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An application study
In this section we apply the DNSBM model to a dataset comprised of 21 U.S. electric utilities over five years and compare the results with those given by the dynamic SBM (DSBM) model. [1991] [1992] [1993] [1994] [1995] . Each division has inputs, outputs, links and carry-overs items as shown in Table 1 .
Dataset of U.S. electric utilities
In order to clarify the advantage of the DNSBM model over the previous model, we compare the results with those of dynamic model (DSBM), for which we aggregate the three divisions into a single "black box" as exhibited in Figure 3 . In this model, labor input is the sum of those in divisions 1, 2 and 3. Output is total sales to customer which is measured as the sum of sales to large and small customers. Fuel and carry-overs are the same with the DNSBM. Thus, we neglect the internal structure of the company.
Overall efficiency of DNSBM
We applied the DNSBM model to this dataset under the following assumptions. giving it an overall score of 1 in the DSBM model. This is a suitable example of efficiency bias caused by neglecting the network structure. D2  D3  D4  D5  D6  D7  D8  D9  D10  D11  D12  D13  D14  D15  D16  D17  D18  D19  D20 
Dynamic Malmquist index
